
Use of Monte Carlo in Calculating the 
Thermodynamic Properties 
of Water Clathrates 

Equilibrium dissociation pressures for monovariant three-phase (ice- 
solid clathrate-gas) systems were predicted for water clathrates with Ar, Kr, 
Xe, N2, 02, COz, and CH4 as the guest molecules. A Monte Carlo approach 
of statistically sampling the states available to the guest molecule inside the 
host water cage was used to evaluate the configurational properties including 
the free volume integral. The Lennard-Jones 6-12 potential adequately de- 
scribed the guest-host interaction for monatomic species, for example, Ar, 
Kr, and Xe, while the nonspherically symmetric Kihara potential with a fixed 
hard-core geometry was required for polyatomic guests. The simulated mo- 
tion of the guest within the cell was consistent with the geometrical features 
of the host lattice. 

SCOPE 

Water clathrates are composed of an open network of 
host water molecules arranged to create several large void 
spaces or cages capable of entrapping guest molecules 
such as argon, methane, or carbon dioxide. Although there 
are no chemical bonds between the water hosts and the 
guests, the clathrate structure is stabilized by relatively 
weak van der Waals interactions. Clathrates are regarded 
as nonstoichiometric compounds since all available cages 
in a given unit cell need not be occupied by a guest. 

Since the size and chemical nature of the guest are criti- 
cal in determining the feasibility of clathrate formation, 
their selectivity is usually very high. In recent years, water 
clathrates have been utilized in desalination processes in- 
volving propane and other hydrates (Barduhn et al., 1962). 
Knowledge of their behavior became important in prevent- 
ing the stoppage of natural gas pipelines (Schaefer and 
Dorsey, 1962) as well as in the inhibition of clathrate for- 
mation in a direct contact butane freezing process for de- 
salting (Wiegandt, 1967). Clathrate or inclusion compounds 
are used in a variety of other specialized separation proc- 
esses, including the para-meta xylene separation, the re- 
covery of vitamin A (Schaefer and Dorsey, 1962), and the 
separation and storage of gases (Miller and Strong, 1945). 
In addition to these practical applications, clathrates have 
been used to isolate molecules for fundamental studies of 
molecular motion and chemical kinetics (Davidson, 1971). 

In most cases of interest, the thermodynamic properties 
of the clathrate mmt be fully characterized. Several theo- 
retical models have been proposed to predict these prop- 
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erties as an alternative to direct experimental measure- 
ment. The basic model used is an idealized cell model 
where stabilization occurs by the motion of individual 
guest molecules in the presence of a fixed potential field 
generated by the host molecules. The evaluation of the 
configurational properties of clathrates requires an under- 
standing of the intermolecular potential between the guest 
and host. Previous theoretical approaches (van der Waals 
and Platteeuw, 1958) have simplified this problem by as- 
suming that the host potential field is uniformly distributed 
on a sphere at some distance from the cell center, and 
that the guest itself is spherically symmetric. However, 
the structure of the cages and the guests are often asym- 
metric, so a continuum approach to the interactions is at 
best an approximation. 

Our study accounted for these asymmetries by using a 
Monte Carlo approach where the potential at any point 
in the cell was a discrete sum of binary interactions be- 
tween the guest and each host molecule. By proper sam- 
pling of the various configurational states available to the 
guest molecule within the cell, an ensemble average of 
such quantities as the potential energy can be determined 
and utilized in estimating the thermodynamic properties 
(Wood, 1968). 

Recent advances in surface and solid state science have 
increased our appreciation of the importance of crystalline 
structure in determining the kinetic and thermodynamic 
properties of solid-gas and solid-liquid systems. In this 
sense, the Monte Carlo approach to the clathrate problem 
demonstrates the power of this technique in handling situa- 
tions where the geometry of the system might be so com- 
plex that direct numerical or analytical solutions are im- 
practical. 
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CONCLUSIONS AND SIGNIFICANCE 

Since the thermodynamic properties of any real system 
are simply a manifestation of interactions between the 
molecules that comprise the system, the idea of proposing 
a statistical model to predict these properties at least seems 
plausible. Van der Waals and Platteeuw (1959) proposed 
such a model whereby the clathrate was viewed as a solid 
solution of the guest component in the rigid host lattice. In 
this way the contribution of the host lattice itself and the 
encaged guest can be separated. Although the well-defined 
geometry of the host lattice simplifies the evaluation of the 
thermodynamic properties over other systems such as liq- 
uids, the situation is by no means trivial. As is frequently 
the case, the major problem lies in evaluating the so-called 
“free volume” or configurational integral. For each cell 
type i in the Structure I clathrate containing molecules 
such as Ar, N2, C02, and CHI as guests, this integral can 
be represented as 

Up to this point the model has been completely general, 
showing that Zcelli depends directly on the intermolecular 
cell potential U .  However, Zcelli must somehow be related 
to a physical property in order to test the validity of the 
proposed model. In the present investigation, calculated 
and experimental values of the dissociation pressure were 
compared. For the two-component, three-phase system, 
ice-solid clathrate-gas, the dissociation pressure is a func- 
tion only of temperature. By applying the constraints af- 
forded by the three-phase monovariant system to the parti- 
tion function which describes the clathrate, the dissociation 
pressure of celli can be related to Zcelli, 

S i m  gas phase nonidmllties are often significant due to 
the high equilihdm p s s u r e ~  experienced, the dissocia- 
tion pnes~um term P, in the above equation would be re- 
placed by the fugaoity f i  of celli. The y;s represent the 
probability that celli will contain a guest. Their values are 
constrained by the equality of chemical potentials between 
ice. and solid clathrate and the equality of pressures or 
fugacities between cells. 

Zeelli was evaluated by Monte Carlo integration (Muel- 
ler, 1971) as 

where <U>i is the characteristic potential energy be- 
tween a guest and all the hosts associated with that cell. 
<U>i was calculated by averaging over a series of allow- 
able configurations of the guest relative to a fixed host lat- 
tice structure. Configurations were generated by moving 
the guest molecule a fixed distance AR in a random direc- 
tion to different positions in the cell; in addition, if the 
guest were asymmetric it was rotated randomly about its 
center of mass to new orientations. At each position, the 
potential energy was calculated as a sum over all hosts 
using a given intermolecular potential function for each 
binary interaction between a single host and guest. This 
value was then compared to the energy at the previous 
location. Following the Monte Carlo scheme proposed by 

Metropolis et al. (1953), moves were accepted or rejected 
such that the arithmetic mean of U over all accepted 
moves approximated the ensemble average for a Boltzman 
exp[ - U/kT]  distribution. Vcelli was the actual volume OC- 

cupied by the guest during the sampling. 
For a nonlinear asymmetric guest, Zcelli is effectively a 

six-fold integral over three coordinates and three a, j3, y 
guest orientation parameters. Thus the Monte Carlo evalu- 
ation of the integral affords a more workable solution in 
comparison to the many numerical or analytical determina- 
tions available which often introduce unattractive assump- 
tions such as spherical symmetry. 

Zcelli depends on the nature of the guest-host potential 
<U>i which for proper sampling should only depend on 
the cell geometry, the size and shape of the guest, and the 
magnitude of the interaction between the guest and host 
water molecule. Thus, care must be exercised in choosing 
an adequate empirical potential function. 

The Lennard-Jones (L-J 6-12) potential was used for 
spherically symmetric guests such as Ar, Kr, and Xe, while 
the hard-core Kihara potential was utilized to account for 
structural asymmetry in the guest, for example, 0 2 ,  CH4, 
and C02. When using the Kihara potential, the minimum 
distance from the surface of the hard core of the guest 
to each host was calculated to determine the potential at 
that point. Since these distances can be evaluated directly 
for a particular guest orientation in the cell, there is no 
need to use one of the angle averaged Kihara forms for 
the potential. In both symmetric and asymmetric cases the 
choice of the potential parameters (energy) and u (size) 
as well as the hard-core geometry was critical. 

For symmetric guests approximately 100,000 moves 
were sufficient for convergence with a move size equivalent 
to 1/10 of the cell radius. By selecting I and u values for 
the L-J 6-12 potential of the argon-water clathrate to force 
agreement with the experimental dissociation pressure 
c H ~ O  and uH20 for the lattice could be computed using the 
geometric mean [Equation (7)] and hard sphere approxi- 
mation [Equation (S)] (van der Waals and Platteeuw, 
19-59). These lattice parameters were used to calculate 
E and u’s for krypton-water and xenon-water mixtures with 
the egUe& and ugpuest specified by second virial coefficient 
data. 

Using these prespecified mixture parameters, dissocia- 
tion pressures were estimated. Agreement was obtained 
within 7v0 for krypton and 43v0 for xenon, which is within 
the values determined by van der Waals and Platteeuw 
(1959) following a continuum model. 

The L-J 6-12 potential was shown to be inadequate for 
polyatomic guests as shown by the poor agreement of cal- 
culated and experimental dissociation pressures. Using the 
asymmetric Kihara potential, hard-core geometries were 
selected and c and u were chosen to cause agreement of 
dissociation pressures for 0 2 ,  N2, COB, and CH4 clathrates. 
Frequently 150,000 to 250,000 moves were necessary for 
uniform sampling even with an optimal choice of AR. Al- 
though this represents the standard method of calculating 
potential parameters, the Monte Carlo model should pro- 
vide a more realistic basis over the continuum approach 
for characterizing the nature of the guest-host potential as 
the complexity of the guest and host lattice increases. 

Three-dimensional plots of the volume occupied by the 
guest demonstrated how the asymmetries present in cell 
structure affect the states available to the guest. Realisti- 
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ally,  one expects the motion of a guest to be restricted 
by the cell geometry; accordingly, one of the principle 
strengths of the Monte Carlo technique is that it does not 

require assumptions about the cell or guest geometry in 
the calculation of the macroscopic thermodynamic prop- 
erties. 

CHEMICAL AND THERMODYNAMIC CONSIDERATIONS 
The number of crystalline forms available to a given 

clathrate host is limited. For example, water clathrates 
form two basic structures depending on the size of the 
guest. Argon, krypton, C12, C02, and other similarly sized 
molecules form Structure I hydrates with individual guest 
molecules occupying two types of polyhedral cages, 2 
pentagonal dodecahedrons having free diameters of 5.1 A, 
and 6 tetrakaidecahedrons having free diameters of ap- 
proximately 5.8 A, for every 46 water molecules. The re- 
sulting ideal formula is M * 5 3/4 H20 for all voids occu- 
pied or M . 7 2/3 HzO with only the larger ones occupied, 
M = guest. Methylene chloride ( CH2C12), chloroform 
(CHC13) (Tester and Wiegandt, 1969) and other larger 
molecules form Structure I1 hydrates with guests occupy- 
ing 8 larger voids of 6.7 A per diameter for every 136 
water molecules ( M  * 17 H 2 0  for all voids occupied) 
(von Stackelberg et al., 1954; Claussen, 1951; Pauling 
and Marsh, 1952). 

For any given clathrate structure, variations in the size 
and shape of the guest molecule do not appreciably dis- 
tort the cage geometry. Some molecules, for example, 
hexane, are too large to fit either voids of the Structure I 
or I1 hydrate and do not form clathrates. Similarly, hydro- 
gen and helium are too small and can escape from the cage 
by passing between the water hosts. 

If the chemical affinity between host and guest is great 
enough, a new chemical species will form, not a clathrate. 
In addition to these properties, the host itself must have 
the inherent ability to form open networks upon solidifica- 
tion. If the host possesses a permanent dipole, for example, 
water, or shows considerable steric hindrance in its con- 
formation, for example, Dianin’s (1914) compound, it is 
more susceptible to clathrate formation (Powell, 1964). 

Davidson (1971), in his study of the motion of the 
guest molecule in the clathrate cage, states that reorienta- 
tion of the guest is influenced by the arrangement of host 
atoms and by the nature of the intermolecular force field 
generated by the dipolar water hosts. Because of their 
lower energy, certain spatial orientations are preferred 
for nonsymmetrical guests and to a lesser extent for sym- 
metrical guests; nonetheless, most guests maintain rota- 
tional freedom in the cell. 

A pure gas hydrate can be treated thermodynamically as 
a two-component system consisting of water and a particu- 
lar guest component. By applying the Gibbs phase rule, 
when three equilibrium phases are present, the system will 
be monovariant, and fixing the temperature should fix the 
pressure. These equilibrium vapor pressures or fugacities 
are commonly measured as a function of temperature for 
various three phase systems. For example, when ice, solid 
gas hydrate, and vapor are present in equilibrium, the 
measured pressure is referred to as the dissociation pres- 
sure. Experimental dissociation pressures are frequently 
compared to values calculated from theoretical models. 
Van der Waals and Platteeuw (1959) proposed a classical 
statistical mechanical approach which modeled a clathrate 
as a three-dimensional localized adsorption structure. Their 
formulation of the partition function depended on several 
assumptions: 
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1. The motion of the guest molecule is confined to the 

2. A maximum of one guest is allowed per cage. 
3. The contribution of the host molecules to the total 

free energy is independent of the type of guest present, 
that is, no lattice distortion. 

4. Interactions between neighboring guests are neg- 
lected. 

Based on their model, the difference in chemical poten- 
tial between the empty clathrate (6 modification) phase 
and the ice phase at the same temperature and pressure 
for a single guest can be written as a sum over cells 1 and 
2 (van der Waals and Platteeuw, 1959) 

interior of the cage. 

2 
= pB - p ice I T . P =  - k T  viln ( 1 - y i )  (1) 

The cell occupation probability yi is described analogously 
to the Langmuir adsorption isotherm as 

i = l  

Solving Equation (2) for the fugacity fi 

The Langmuir constant Ci( T) is given by 

(3) 

(4) 

assuming the internal degrees of freedom of the entrapped 
guest molecule are the same as those in the gas phase. 
The integral in Equation (4) is often referred to as the 
free volume integral and represents the configurational 
contribution of the guest-host interaction. To evaluate it, 
some knowledge of the spatial dependence of the inter- 
molecular guest-host potential U is necessary. 

STRUCTURAL CONSIDERATIONS 
Because our model treats the discrete nature of the 

guest-host potential, the crystallography of the clathrate 
cells is important. Since only Structure I hydrates are stud- 
ied, detailed structural information concerning Structure 
I1 types is omitted. Numerous articles have been prepared 
on the structural aspects of clathrates (von Stackelberg 
and Muller, 1954; Claussen, 1951; Pauling and Marsh, 
1952; Jeffrey, 1962). In addition, Jeffrey and McMullan 
(1967) have written an excellent review of the subject. 

The unit cell of a Structure I hydrate is cubic with space 
group Pm3n and a lattice constant of 12 A. For every 46 
water molecules, there are 2 pentagonal dodecahedral 
voids and 6 tetrakaidecahedral voids. The geometrical 
features of the voids are illustrated in Figure 1, where 
an oxygen atom is located at each vertex of the polyhedron 
and the hydrogen atoms are found on the edqes. Figure 2 
shows how these polyhedra are arranged to form the unit 
cell. The pentagonal dodecahedral cages are composed of 
20 water molecules symmetrically located about the center 
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of the cell while the tetrakaidecahedral cages contain 24 
water molecules arranged in an oblate spheroid with the 
primary asymmetry caused by the two hexagonal faces. 
Table 1 gives the location of the oxygen atoms relative to 
the cell centers: (0, 0,O) for the pentagonal dodecahedron 
and (V4,  1/2, 0 )  for the tetrakaidecahedron. The guest 
molecules contained in the cells move freely unless re- 
stricted by repulsive potential forces which occur when 
the guest gets too close to one or more of the host water 
molecules. 

Jeffrey and McMullan (1967) point out that the guests 
do not appreciably distort the host lattice except for a 
relatively minor isotopic expansion resulting in a lattice 
constant variation of 12 f. 0.12 A for over 20 Structure I 
hydrates. 

Since our investigation was concerned with predicting 
the properties of the Ar, Kr, Xe, N2, 0 2 ,  CH4, and Cot  
hydrates, it was necessary to know whether the guest size 
was sufficiently small to allow occupancy of both cell types. 
For all of the above except C02, both cells are known to 
be occupied resulting in an ideal stoichiometric formula 
of M . 5 3/4 H20 (Jeffrey and McMullan, 1967). How- 
ever, with COP there has been some controversy: with a 
linear size of 4.6 A, it may possibly be too large to occupy 
the smaller 5.1 A cells. Herreilers (1936) in his thesis 
research made indirect measurements of the composition 
of the C02 hydrate and found the formula to be C02 * 

6 H20, indicating that three is at least partial occupancy 
of the smaller cells. If only the larger cells were occupied 
the formula would be ideally C02 * 7 2/3 H2O. 

INTERMOLECULAR POTENTIAL FUNCTION 
Van der Waals and Platteeuw (1959) modified the Len- 

nard-Jones Devonshire liquid cell model (Hirschfelder et 
al., 1954) to evaluate Equation (4). They assumed that 

CELL I 

the host potential was uniformly distributed on a spherical 
surface and that the spherically symmetric Lennard- Jones 
(L-J) 6-12 potential applied to the guest-host interaction. 
Thus the free volume integral of Equation (4)  could be 
integrated numerically as, 

Zcell = 4n soRceu r2 exp[ - U ( r )  / k T ]  dr (5) 

with U ( r )  given by the L-J 6-12 potential, 

U ( r )  = 4 a  [ ($>” - (5)6] ( 6 )  

The choice of &ell is unimportant because the term, exp( - 
U ( r ) / k T )  goes to zero as r approaches the radius of the 
host potential sphere. 

Using the L-j 6-12 potential necessitated choosing two 
parameters, u and t. In addition, the intermolecular poten- 
tial is between two different species, that is, water host 
and guest. Since suitable parameters for the contribution 
of the water lattice molecules to a and u are not known, 
parameters for the guest-host mixture can be chosen in an 
empirical fashion such that experimental and theoretical 
results agree. Van der Waals and Platteeuw (1959) fol- 
lowed another scheme. Assuming OH20 for the host lattice 
to be 2.50 A, (Pauling, 1945), they chose c for the argon- 
water clathrate to obtain agreement between calculated 
and experimental dissociation pressures at 0 K. Using the 
geometric mean approximation for t and the hard sphere 
approximation for u, and assuming that the encaged argon 
guest behaved as a free gas, EH2O was obtained by 

If there are no lattice distortions, €H2O and U H ~ O  should 
be independent of the type of included guest. By making 
this assumption, c and u for the mixture [Equations (7)  
and (8) J can be estimated using known values of tgueSt 

CELL 2 

12 Sided 
Pentagonal Dodecahedron 

14 Sided 
Tetra kaidecahedron 

Fig. 1. Clothrate cell structure, cell 1-pentagonal dodecahedron 20 H2O molecules; cell 2-tetrakaidecahedron, 24 H 2 0  molecules. 
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uii = 4 c  ( (%>'" - ( ; ) 6 )  P > R C O U  

\CELL I 
Fig. 2. Clathrate Structure I showing arrangement of both cell types, 
a = 12 A cubic, space group Pm3n, cell 1 a t  (0, 0, 0) cell 2 a t  

(%, %, 0) outlined in bold lines, Jeffrey and McMullan (1967). 

and uguest obtained from viscosity or second virial coeffi- 
cient data. 

In Structure I hydrates, the pentagonal dodecahedra1 
cells (type 1) are approximately spherical, but the larger 
tetrakaidecahedral cells (type 2) are distorted spheres 
(see Figure 1). When the guest molecule itself is spheri- 
cally symmetric, for example, argon, krypton, and xenon, 
the Lennard- Jones Devonshire model assumptions are 
probably reasonable. Calculations of the dissociation pres- 
sure for the inert gas clathrates using the L-J 6-12 poten- 
tial have agreed well with experiments (Platteeuw and 
van der Waals, 1958). Using this same potential one finds 
that as the guest increases in asymmetry, for example, 
C 0 2 ,  N2, and 02, agreement between calculated and 
experimental results is poor (> 1000% ) . McKoy and 
Sinanoglu ( 1963), Nagata and Kobayashi ( 1966), and 
Parrish and Prausnitz (1972) improved the continuum 
model somewhat by using a Kihara hard-core potential 
to describe the guest-host interaction. However, the im- 
provements were again dependent on the choice of param- 
eters, and the Kihara potential has an additional adjustable 
quantity, the hard-core radius. 

In view of the asymmetry present in the cell geometry 
and that of the guest molecule itself, the total intermolec- 
ular cell potential should be calculated by a discrete rather 
than continuous model. This potential is represented as a 
sum of binary interactions between guest and host; 

20: cell 1 .={ 24: cell 2 1 
u = 2 uij( r , .  11, , U, . . . ) (9) 

i= I 

This discrete formulation more realistically accounts for 
the stabilizing effect of the guest on the host lattice. Using 
Equation (9)  to define U ,  the free volume integral [Equa- 
tion (4 ) ]  can be evaluated. A Monte Carlo technique 
was developed to accomplish this. When the guests were 
spherically symmetric, a L-J 6-12 potential was used for 
each term in the sum of Equation (9) .  For asymmetrical 
guests, the original Kihara (1953) potential was used. A 
hard-core geometry was selected for the guest, for exam- 
ple, a rod for COz, N2, and O2 and a tetrahedron for CHI. 
For each position in the cell, the minimum distance p from 
the surface of the hard-core of the guest to each water 
host (assumed spherical centered at the oxygen atom) was 
determined and used to evaluate each Uij in the sum of 
Equation (9) .  
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u, = 03 

MONTE CARL0 TECHNIQUE 

Basically the Monte Carlo technique consists of moving 
the guest molecule randomly in uniformly sized steps to 

TABLE 1. HOST ATOM COORDINATES IN STRUCTURE I 
CLATHRATES 

Cell 1-pentagonal dodecahedron centered at (0, 0, 0 )  

Distance 
Host from cell 

number X Y Z center A 

1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 

-0.183 
0.183 
0.183 
0.183 
0.183 

-0.183 
-0.183 
-0.183 

0.310 
-0.310 
-0.310 

0.000 
0.116 
0.000 

-0.116 
0.000 
0.116 
0.000 
0.310 

-0.116 

0.183 

0.183 

0.183 

-0.183 

-0.183 

-0.183 
-0.183 

0.183 

0.116 
-0.116 

-0.116 
-0.310 

0.000 
-0.310 

0.000 
0.310 
0.000 
0.310 
0.116 
0.000 

0.183 3.803 
-0.183 3.803 

0.183 3.803 
0.183 3.803 

-0.183 3.803 
-0.183 3.803 

0.183 3.803 
-0.183 3.803 

0.000 3.972 
0.000 3.972 
0.000 3.972 
0.116 3.972 

-0.310 3.972 
-0.116 3.972 
-0.310 3.972 
-0.116 3.972 

0.310 3.972 
0.116 3.972 
0.000 3.972 
0.310 3.972 

Cell 2-tetrakaidecahedron centered at ( ?h, %, 0 )  

Distance 
Host from cell 

number X Y Z center A 

1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 

0.000 
0.500 
0.500 
0.000 
0.317 
0.317 
0.317 
0.183 
0.183 
0.317 
0.183 
0.183 
0.000 
0.500 
0.000 
0.500 
0.000 
0.500 
0.000 
0.500 
0.310 
0.190 
0.310 
0.190 

0.500 
0.750 
0.250 
0.500 
0.317 
0.317 
0.683 
0.183 
0.183 
0.683 
0.817 
0.817 
0.310 
0.384 
0.310 
0.616 
0.690 
0.384 
0.690 
0.616 
0.884 
0.500 
0.116 
0.500 

0.250 
0.000 
0.000 

-0.250 
0.317 

-0.317 
-0.317 
-0.183 

0.183 
0.317 
0.183 

-0.183 
-0.116 
-0.190 

0.116 
0.190 

-0.116 
0.190 
0.116 

-0.190 
0.000 
0.384 
0.000 

-0.384 

4.243 
4.243 
4.243 
4.243 
4.465 
4.465 
4.465 
4.465 
4.465 
4.465 
4.465 
4.465 
4.017 
4.017 
4.017 
4.017 
4.017 
4.017 
4.017 
4.017 
4.664 
4.664 
4.664 
4.664 

X, Y ,  2-fractional Miller indices coordinates based on a cubic unit 
cell, 12A. on each side. 
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different locations in the clathrate cell and if the guest is 
asymmetric, spinning it randomly about its center of mass. 
Then at each location its total potential energy is calcu- 
lated from Equation (9)  and the proposed move is ac- 
cepted or rejected on the basis of the Metropolis et al. 
(1953) technique in order that the energy probability 
distribution, exp[- U/kT], is sampled properly. To ac- 
complish this, Metropolis et al. suggest that given the 
potential energy of the system, Uj in state i, one must 
move to a new state i + 1 in a random fashion and cal- 
culate Uj + 1. 

7 

u j J ' K 1  ' J 
accept move j + 1. Otherwise reject move j + 1, move 
back to state j ,  and count it as the next accepted move. 

Metropolis et al. (1953) and Wood and Jacobson 
(1959) have shown from the mathematical theory of ran- 
dom processes that this technique will indeed select U's 
with a frequency proportional to exp[-U/kT] as the 
number of moves becomes large. Therefore, the ensemble 
average of <U> can be represented as 

N s UexpC- U/kT]dV 2 Uj 
VWII j=1 

-- 
N 

Monte Carlo 
'"'1 exp[- U/kT]dV 

Vce11 

where the Uj's are selected according to the suggested 
technique. 

In effect, the Monte Carlo random walk proposed for 
the guest molecule results in a Markov chain since the 
probability of accepting a new state is dependent on the 
energy of the previous state. 

The Monte Carlo experiments were performed on the 
Maniac I1 Computer at the Los Alamos Scientific Labora- 
tory at the University of California. The procedure for 
generating a uniformly distributed sequence of pseudo 
random numbers was based on the multiplicative con- 
gruential method of Lehmer (1951). 

The Monte Carlo scheme was coded in MADCAP V, a 
language which was developed at the Los Alamos Scien- 
tific Laboratory (Wells, 1971). The code itself required 
about 8,000 words of absolute storage on the Maniac 11, 
an 81,000 word machine. The polyatomic code, being 
somewhat more complex, required a nominal running time 
of 5 to 10 min./1000 moves depending on the structure 
of the guest compared to 1 min./1000 moves for mon- 
atomic guests. 

The random walk was accomplished in the following 
manner. The guest was positioned in the center of the 
clathrate cell with a particular orientation. By specifying 
a random direction, the center of mass of the guest was 
moved to a new location a fixed distance AR away from 
the cell center but with the same relative orientation of 
the guest atoms. By choosing another randam direction the 
guest was reoriented, keeping its center of mass in a fixed 
location. The next move would be in another random 
direction, a distance AR from the previous move. However, 
since spinning was uniformly random, the original orienta- 
tion was used as a starting point for each spin. This se- 
quence of sliding and spinning the guest was repeated to 
generate new configurations. 

The choice of AR is somewhat restricted. In general, AR 
was chosen as a certain fraction of the average cell radius, 
Rsi 

Rsi = 3.9 A cell 1 
Rsi = 4.3 A cell 2 

Since the guest is confined to a particular cage, too large 
a AR will cause too many moves to be rejected because its 
motion would have placed it outside the cell. For larger 
moves, that is, AR = Rsi/q; q = 2 to 5, a fair portion 
of the moves would place the guest very close to one or 
more of the hosts, resulting in a large positive U (repul- 
sive energy) ; consequently the Metropolis rejection scheme 
would forbid many moves on the basis of energy ( > 85% ) 
and the sampling of new configurations will be 
severely limited. If A R  is too small, that is, q = 100 or 
greater, the energy does not change significantly between 
moves and the rejection ratio is lower (- 10%). This 
creates two problems: 

1. More computer time (configurations) is required for 
proper sampling. 

2. Since the guest is moving in a sphere of radius Rsi, 
the probability of moving into a spherical shell at radius 
R should be proportional to R2. This condition is met for 
q = 2 to 20 with a minimum of 10,000 moves, but for 
q = 100 it requires 500,000 moves, and with q = 1000 it 
requires over 5,000,000 moves. 

Our studies have shown that AR = Rsi/q, q = 10 to 
15, not only samples uniformly in the sphere for a mini- 
mum number of moves but also results in a rejection ratio 
of 30 to 40% which, on the basis of limited information, 
is suggested by Wood (1968) to be near the optimum. 

MONTE CARL0 EVALUATION OF Zcell 

The integral part of Equation (4) can be rewritten in 
spherical coordinates as 

Zceli = sou so2" exp[ - U/kT] Rz sin0 d@dR 

(12) 
One expects U to be a well-behaved function of R, 0, and 
4 and of the orientation of the guest molecule within the 
cage. Since the guest in general has a maximum of three 
degrees of rotational freedom, is really 

kT] R2 sin6 d+dOdR&d@dy (13) 

where a, /3, and y are the normalized orientation angles 
for the guest. Thus the maximum number of integrals is 
six for a guest with three rotational degrees of freedom 
while a spherically symmetric guest such as argon reduces 
Equation (13) to a three-fold integral. 

Although the three-fold integral could be determined 
numerically on a high speed computer, the six-fold integral 
is more efficiently handled with a Monte Carlo technique 
(Wood, 1971; Mueller, 1971). From the mean value 
theorem of integral calculus, there will be some value of 
<exp[ - U/kT]> defined on the interval of interest such 
that 

Zcell= J exp [ - U/kT]dV = <exp ( - U/kT) > Vceu 

(141 
Vcell should be equivalent to that portion of the cell vol- 

" C d  
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m e  occupied by the guest molecule during the Monte 
Carlo sampling process. By dividing the cell into 100 spher- 
ical shells which extend to the cell radius Rsi, Vcell is ap- 
proximated as 

Vuncond. is the unconditionally accepted volume based on 
the actual size of the guest molecule. For example for 
COz, with a G O  spacing of a, 

and 

The second term of Equation (15) divides the clathrate 
cell into (100 - k) spherical shells with each shell given 
a weight equal to the ratio of the number of accepted 
moves into spherical shell i to the number of attempted 
moves into shell j ,  Accj/Nurnj. Assuming that moves are 
made uniformly in the sphere, the ratio Accj/Nurnj should 
be proportional to the occupation probability of being in 
that particular shell. Clearly the innermost shells will have 
a weight close to unity, but the outermost shells will have 
a weight close to zero since most of the moves will be re- 
jected on the basis of the Metropolis scheme because U 
gets very positive and repulsive as the guest gets close to 
any one of the host molecules. Although Vcel1 is an ap- 
proximation of the real volume, it is very sensitive to 
asymmetries in the cell geometry and guest orientation, 
which is a distinct advantage over the previous spheri- 
cally symmetrical continuum approaches. 

There are indirect methods to check the reliability of 
our method. For instance, our results with spherically sym- 
metric monatomic guests such as argon, krypton, and 
xenon should agree approximately with the theoretical 
results based on the continuum model. 

The term <exp ( - U/kT) > has been approximated by 

<exp(-U/kT)> = exp(- <U>/kT) (18) 

where <U> is the ensemble average of the potential en- 
ergy obtained by Monte Carlo sampling. One can rewrite 
Equation (14) as 

&ell 

= exp [- <U>/kT] exp [- ( U  - <U>)/kT]dV 

(19) 
where the integral is a first-order fluctuation type integral. 
If the fluctuations about <U> are uniform in the Monte 
Carlo averaging then Equation (18) will be a good ap- 
proximation. 

Salsburg et al. (1959) and Chestnut and Salsburg 
(1963) had some success in calculating the canonical 
partition function directly by a Monte Carlo method by 
substituting the term exp[ + U/kT] into the distribution 
average, for our case using Equation (11). 

"cell 

n 

so Zcell can be estimated without evaluating the integral. 

However, as Wood (1968) points out, this technique has 
a serious disadvantage in that those values of U which are 
large and positive (repulsive) contribute more to the aver- 
age, and this is impractical because the Monte Carlo 
method is designed to sample efficiently from those states 
where value of exp[-U/kT] is large, that is, U is small. 
A comparison was made between the above method of 
estimating and our method of Equation (14) for the 
argon clathrate with 100,000 moves and AR = Rsi/lO. 
Agreement was obtained within 6%. Although this agree- 
ment is encouraging it does not justify the impracticality 
of the alternate techniques. 

The disadvantages of Chestnut and Salsburg's (1963) 
technique are exposed when one compares the rate of 
convergence of our technique for evaluating Zcell [Equa- 
tion (14)] with theirs [Equation (ZO)].  For all practical 
purposes our Monte Carlo technique has converged to a 
value of (21% ) after 10,000 moves for the argon 
clathrate while the Chestnut and Salsburg (1963) method 
requires almost 100,000 moves to achieve this level of 
convergence. Furthermore, by choosing hR's # Rsi/ 10 the 
difference in the convergence rates becomes even more 
pronounced. 

RESULTS 

Dissociotion Pressure 
Assuming the Lennard-Jones 6-12 potential [Equation 

(6)]  is adequate for spherically symmetric guests such 
as argon, krypton, and xenon, the dissociation pressure os 
fugacity can be calculated for a given set of potential 
parameters a and U. 

There are several constraints in this calculation, how- 
ever. Because argon, krypton, and xenon occupy both cell 
1 and cell 2 in the Structure I hydrate, the fugacity is 
given by 

Y l  Y2 

= Zcel l1  Zcell 2 

kT- kT- 

(21) 

Zcell 1 and 2 are the configurational integrals for each 
cell type and are evaluated separately by the Monte Carlo 
method. The occupation probabilities yl and yz, as yet un- 
specified, are fixed by the equilibrium constraint expressed 
in Equation ( 1). For a Structure I hydrate, Equation (1) 
can be rewritten as 

1 - Y 1 -  1 - yz - 

Assuming the molar volume difference between an empty 
clathrate lattice ( f i )  and ice Au is independent of pressure, 
then +( 273, K ,  P )  can be expressed as 

Ap[273 K ,  P] = +[273 K ,  P = 01 + h ( P )  (23) 

Child (1964) and Parrish and Prausnitz (1972) estimated 
+[273 K ,  P = 01 from experimental data to be approxi- 
mately 302 gcal/mole. Van der Waals and Platteeuw 
( 1958), McKoy and Sinanoglu (1963), and Nagata and 
Kobayashi (1966) used a value of 167 gcal/mole for 
Ap(273 K ,  P = 0) based on bromine hydrate data. How- 
ever, Allen and Jeffrey (1963) reinvestigated the bromine 
hydrate lattice by single crystal x-ray diffraction and con- 
cluded that bromine does not crystallize in either a Struc- 
ture I or I1 cubic lattice but rather in a tetragonal lattice. 

Equations (21) and (22) constrain the system. Opti- 
mum values of yl and yz were selected by an exhaustive 
grid search which simultaneously minimized the differ- 
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ence between the calculated value of &L from Equation 
(22) and the experimental value from Equation (23), and 
the difference between the fugacity calculated for cell 1 
versus cell 2, Equation (21). In practice, the quantity W 

I' (24) [ f e w  

feel1 1 - feel1 2 
W = ( 4 e x p  - & c a d 2  * 

was minimized. Initial values of yl and yz were chosen 
randomly and the optimization was repeated several times 
to insure that the real minimum for W was approached. 
Differences between the values for fcell 1 and fcell2 never 
exceeded 1 "/c. 

In order to test the reliability of the Monte Carlo 
method in calculating clathrate properties, the potential 
parameters for argon hydrate were selected to force agree- 
ment between the calculated and experimental fugacity 
at 273 K. Then, following the technique suggested by 
van der Waals and Platteeuw (1959), a value for cHZO was 
calculated from Equation (7) with aHz0 assumed to be 
2.50A. These values were then used to calculate s and 
a's for the krypton and xenon hydrates with Equations (7) 
and (8).  In the preliminary experiments, values for €guest 

and agUest were taken from several sources, including vis- 
cosity, spectroscopic, and Znd virial coefficient data (Hirsh- 
felder et al., 1954). The second-virial cguest and "guest 

always gave the best agreement between experimental 
and calculated dissociation fugacities, for example, for 
krypton using C, from viscosity data resulted in a 25% 
deviation versus 6% for 2"d virial coefficient data. The 
results of these calculations are tabulated in Table 2. Fre- 
quently, 10,000 moves were sufficient for convergence. 

The agreement obtained for krypton (= 7%j ) and xenon 
(- 43% ) is reasonable when compared to the calculations 
of van der Waals and Platteeuw (1958) using the con- 
tinuum approach. At this point it is difficult to say whether 
deviations are caused by variations in the cell potential 
parameters indicating lattice distortion, or whether the 
guest itself does not behave exactly as a free gas, for ex- 
ample, restricted translation in the cage. 

Having completed the analysis of the monatomic guests, 
several nonspherically symmetric polyatomic guests includ- 
ing C 0 2 ,  N 2 ,  0 2 ,  and CH4 were studied. The same con- 
straints of pressure and chemical potential [ Equations 
(21) and (22)] apply since both cells are occupied. How- 
ever, because of geometrical asymmetry the guest-host 

TABLE 2. DISSOCIATION PRESSURES FOR MONATOMIC GUESTS AT 273K 

Mixture Potential Parameters Cell 
occupation % 

d k i g u e s t ,  a*guest, probabilities P f e w  fcalc. differ- 
Guest K AX e/k, K u, A Y l  Y2 f / P  106N/m2 106N/mz 106N/mz ence 

Argon 119.8 3.405 175.6 2.955 0.957 0.960 0.9125' 9.70 9.700 9.70 0 
Krypton 171.0 3.80 209.8 3.050 0.965 0.958 0.9756 1.47 1 . 4 D  1.33 7 
Xenon 217.0 3.963 236.3 3.2315 0.968 0.956 0.996 0.145 0.1450 0.083 43 

SHZO 
Host 
Water 

K 
257.33A 

A 
2.50 100,000 accepted moves, approximately 33% rejection 

2nd viral data Hirschfclder, e t  al. (1954) .  
0 Estimated from Berlin correlation (Cook, 1961) .  
6 Estimated from generalized charts (Reid and S h e w o o d ,  1966) .  
A Calculated from Equation (6) using c / k  for argon. 
0 Parrish and Prausnitz (1972) .  
0 Barrer and Edge  ( 1 9 6 7 )  and von Stackelburg and Muller (1954) .  
X 1A = 10-10m. 

TABLE 3. DISSOCIATION PRESSURES FOR POLKATOMIC GUESTS AT 273K 

Guest 
molecule 

C02 

Nz 

0 2  

CHI 

Hard-core 
geometry' 

Rod 
C - 0  distance 

1.1615A 

Rod 
N-N distance 

1 094 A 

Rod 
0-0 distance 

1.100 A 

Tetrahedron 
C-H distance 

1.093 A 

Potential 
fnnction 

spherically 
Symmetric 

Kihara 
nonspherically 

symmetric 
Kihara 

L-J 6-12. 

L-J 6-12' 
nonsphericall y 

symmetric 
Kihara 

L-J 6-12' 
nonspherically 

symmetric 
Kihara 

nonspherically 
symmetric 

Kihara 

Mixture 
potential parameters 

4 k  

K 

221.35 

224.0 

221.4 

156.39 

115.5 

165.7 

123.4 

253.0 

'? 

A0 

2.343 

2.3315 

3.493 

3.099 

2.9845 

2.9835 

2.984 

2.036 

tlcoii 

A 

1.15 

0.30 

0.0 

0.0 

0.27 

0.0 

0.25 

0.15 

Cell 
occupation 

probabilities 

Y l  

0.969 

0.970 

0.984 

0.972 

0.929 

0.965 

0.948 

0.975 

Y2 

0.956 

0.956 

0.945 

0.955 

0.967 

0.958 

0.963 

0.952 

Number 
of move, 

160,000 

200,000 

100,000 

200,000 

200,000 

250,000 

100,000 

250.000 

A 

Rsi/l5 

Rsi/l5 

Rsi/lO 

Rsi/lO 

Rsi/lS 

Rsi/lO 

Rsi/15 

Rsi/lO 

106 N/m2 1W N/m2 

35 1.29 1.26 

50 1.24 1.26 

45 0.196 1.26 

10 4.60 15.77 

40 16.19 15.77 

15 6.09 11.19 

40 10.39 11.19 

45 2.43 2.48 

Note: Reid and S h e w 4  (1988) wed for estimating f/P for COI. Ns, 0. and Din (1981) for CH.. 
IMP and mp 8s. determined fmm P force Rt of agon-wster data, w e n  used lo estimate e and (r by b a d  sphere and g ~ m e t d c  mean sppmrimstionr. * Intsrmolseu ar diatsncss fmm spdmcepic  data Henbcg  (1988). 
0 1A = 10-" m. 

References 

Unruh and Katz 
( 1949) 

van Cleeff and Diepen 
(1965) 

Saito, et al. (1964) 
van Cleeff and Diepen 

( 1965) 

Saito et a1 
( 1964) 

AlChE Journal (Vol. 18, No. 6)  November, 1972 Page 1227 



potential will also be asymmetric and the L-J 6-12 poten- 
tial should be inadequate. The L-J 6-12 potential was used 
for Nz and 0 2  in the same manner as before with mon- 
atomic guests. The fugacities agreed to within 70% for 
N2 and 45% for 0 2 .  However, for COP and CH4 agree- 
ment was poor ( > 100 % ). 

The nonspherically symmetric Kihara potential was 
found to be most suitable for describing nonsymmetric 
guest-host interactions. This did involve choosing a hard- 
core geometry for the guest. For COZ, N2, and O2 a rod 
shaped core was selected while for CH4 a tetrahedral core 
was used (Table 3) .  The host water molecules were as- 
sumed to be spherical and to be centered about the oxy- 

gen atom. The results of the Monte Carlo sampling are 
presented in Table 3. Because the polyatomic guests are 
normally larger than monatomic guests and because they 
are asymmetric, the guest-host potential is more sensitive 
to position and orientation within the cell. Consequently, 
considerably more moves are required for convergence. 
For example, at least 100,000 moves were necessary when 
the optimum move size of Rsi/lO was employed. 

The Kihara potential parameters were selected by trial 
and error to minimize the difference between calculated 
and experimental fugacities. 

Guest Free Volume 

One advantage of the Monte Carlo model is that the 
discrete nature of the guest-host interaction is easily 
treated by sampling the various configurational states avail- 
able to each guest. If the guest-host potential were spheri- 
cally symmetric, the probability of finding a guest at a 
given position in the cell would be proportional to R2 exp 
( - U ( R )  /kT) for any given value of R.  In Figures 3 and 
4, this quantity is plotted as a function of R for 10,000 
moves with argon as the guest. In cell 1 the probability 
distribution is almost uniquely defined by a single line, 
which was expected since cell 1 is spherical. However, in 
cell 2 where asymmetries are present considerable scatter 
of the points is observed. These deviations from spherical 
symmetry become even more pronounced as the symmetry 
of the guest decreases, for example, CO2, Nz, 0 2 .  

Three-dimensional plots of the volume occupied by an 
argon molecule in cells 1 and 2 are given in Figures 5 
and 6. Only one-half of each cell is shown. The almost 
spherical shape in cell 1 is consistent with the spherical 
symmetry of the guest and the pentagonal dodecahedra1 
cell itself. In cell 2, the nonspherical shape is consistent 
with the distortions characteristic of the tetrakaidecahedral 
cell, for example, a maximum penetration is observed in 
the center of the larger hexagonal face. The structural 
aspects of the free volume are more apparent as the asym- 
metry of the guest increases. The free volume is influenced 
primarily by the shape of the guest, the spatial arrange- 
ment of host molecules, and the nature of the guest-host 
potential. 

For a given Monte Carlo sample the normalized prob- 
ability of finding a guest in a spherical shell of thickness 
AR at a distance R from the cell center can be represented 
as the number of accepted moves into that shell divided 

I 
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- I - - - (CELL I ARGON CLATHRATE 1 - - 

Fig. 6. Free volume occupied by an argon guest in cell 2, with host 
atom positions illustrated. 

by the total number of attempted moves. In Figure 7, this 
probability is plotted as a function of R for two different 
move sizes AR = Rsi/lO and Rsi/lOOO for 4,000,000 
moves with the argon hydrate. The graph is cut off at an 
R corresponding to the maximum linear dimension of the 
guest since it must occupy a volume at least this large. At 
moderate R's ( j  = 13-22) both lines coincide, but as R 
gets larger the guest has a slightly higher probability of 
occupying any shell at Rj ( j  > 23). This has the effect of 
increasing Vcell [Equation ( 15) ] by placing more weight 
on those shells which are farther from the center. 

As AR decreases, more moves are accepted and the guest 
creeps further out in the cell because AU is smaller for any 
given move. Furthermore, the statistics become poorer for 
small AR's as R increases simply because there are not a 
sufficient number of moves in the outer shells to give a 
reasonable estimate of Accj/Numj. For 4,000,000 moves 
Vcell ( A R  = Rsi/lO) is about 20% smaller than Vcell (AR 
= Rsi/1000). 

CONCLUSIONS AND RECOMMENDATIONS 

The Monte Carlo approach to the study of clathrates can 
be regarded as a prototype study to show the potential 
usefulness of Markov type processes in modeling complex 
phenomena. The structural aspects of the guest molecule 
as it moves in the clathrate cell were realistically accounted 
for in determining its configurational properties. The multi- 
dimensional integration required in the estimation of the 
thermodynamic properties of the clathrate was handled 
easily by a Monte Carlo approach. A continued effort will 
be made at understanding the configurational properties 
of more complex clathrate compounds having polyatomic 
guest components such as CHzClF or CHC13. Specifically, 
the limitations afforded by fitting the data to a set of 
empirical potential parameters should be reduced as other 
guest component structures are studied. Ideally, a con- 
tinued analysis of this type should reveal general charac- 
teristics of the host lattice potential and the effects of cell 
geometry on the potential parameters of the enclathrated 
gas versus the free gas state. 

Certainly other related problems in chemical engineer- 
ing could be modeled using a similar Monte Carlo or mo- 
lecular dynamics approach, for example, the motion of a 
reacting molecule in a molecular sieve zeolite or similar 
inclusion compound, polymer molecule interactions in solu- 
tions, as well as impurity defect incorporation in metals, 
order-disorder effects, and lattice gas studies of various 
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Fig. 7. Probability of finding an argon guest in spherical shell j in 
the Monte Carlo sampling. 

compounds of interest in solid state chemistry (Beeler, 
1970). The essential feature common to all these applica- 
tions is that the structural or crystallographic aspects of a 
kinetic or thermodynamic process are being utilized in an 
appropriate model. 
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NOTATION 

U = atomic spacing, A 
Accj 
Ci ( T )  = Langmuir coefficient 
fcelli 
k 
Numj = number of attempted moves into spherical shell 

P = pressure, N/m2 
r or R = radius variable, m 
rij 

= number of accepted moves into spherical shell j 

= fugacity of cell i, N/m2 
= Boltzmann constant, 1.38054 x 10-23 J/K 

i 

= separation distance between guest and host, m 
= collision radius, hard-sphere model, m 
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Rsi = cell radius, m 
T = absolute temperature, K 
U 

= molar volume, m3/mole 
V = volume parameter, m3 
Veell = volume occupied by the guest molecule, m3 
Vuncond. = unconditionally accepted volume corresponding 

yi 
Zcelli 

Greek Letters 
U, ,$, y = orientation angles of the guest 

AR 
R, 8, + = spherical coordinates 
P 

IS = collision parameter, m 
yi 

p = chemical potential, J 

Sub ond Superscripts 

,$ 
i = move number 
i 

< > = ensemble average 

= intermolecular potential energy, J 

to the size of the guest, m3 
= occupation probability of cell i 
= configurational partition function of cell i, m3 

c = potential energy parameter, J 
= distance per move, m 

= minimum distance between surface of the hard 
core of the guest and the host, m 

= ratio of the number of cells of type i to the 
number of water molecules 

= empty clathrate host lattice 

= cell type 1 = pentagonal dodecahedron 
2 = tetrakaidecahedron 
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